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Abs t rac t  

A new model of the Belousov-Zhabotinskii reaction is developed. It describes bistable 
behavior of the reaction. For this reaction-diffusion system existence results are proved. 
The critical radius of a nucleus is defined and studied by numerical methods. 

1. I n t r o d u c t i o n  

Nucleation and bistability are characteristic phenomena of  many autocatalytical 
systems. Nitzan et al. [13] first described the nucleation of  a new phase in a bistable 
one-variable system using a third-order reaction function. They showed the existence 
of  a critical radius r c, beyond which a nucleus of  the new phase will grow on or 
will collapse if its radius is below r c. These results are not directly applicable to 
the Belousov-Zhabotinski i  reaction (BZR), whose kinetics are governed by maximum 
second-order reaction terms [4]. A model of  the BZR reflecting the bistability of  
this reaction requires at least two variables. 

Our aim is to discuss a model of  bistability and nucleation in convection-free 
layers of BZ solutions in petri dishes. We consider the following subsystem of  the 
full BZR in order to confine our model to two variables only, the concentrations 

of  the autocatalyst HBrO 2 and the inhibitor Br-: 

BrO 3 +  2H + + Br-  

HBrO 2 +  H ÷ + Br-  

BrO~ + H + + HBrO 2 + 2 Me(red) 

2 HBrO 2 

HBrO 2 + HOBr R1 

2 HOBr R2 

2 HBrO 2 + 2 Me(ox) R3 

BrO~ + H + + HOBr R4 
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We neglec t  the concent ra t ions  o f  metal  catalysts  Me(red) ,  Me(o x )  and HOBr ,  and 
assume that the concent ra t ions  o f  BrO~ and H + are constant .  

Addi t ional ly ,  we int roduce a f low term qNr-. This  cor responds  to the inhibi tor  
release induced both  by oxygen  dif fusing from the air into the l iquid layer  [10] 
and/or  by light i rradiat ion when  the BZ  system is photosens i t ive  [9]. 

On the basis o f  this realist ic f low term, the behav io r  o f  the system R 1 - R 4  
turns f rom monos tab i l i ty  to bistabil i ty within a dist inct  region o f  q~r-" In the region 
o f  bistabil i ty,  the r e a c t i o n - d i f f u s i o n  system perforrns t ransi t ions f rom one stable 
state to the o ther  i f  the radius o f  the inducing nucleus  exceeds  a cri t ical  va lue  r c. 
The critical radius i tself  depends in the f low q~r-- This relation r c = rc(q~r_ ) is studied 
numer ica l ly .  We found that the quant i ty  r c tends to inf ini ty i f  the f low term tends 
to a certain value q~]~. If  we take a higher  value ~0 > ~p~O, ex then we observe  transitions 
to the other  stable state. 

. T h e  m o d e l  

So, wc start with the lo l lowing  system 

3X 32X 
at - dx Or 2 - -  + k 3 A X - 2 k 4 X 2 - k 2 X Y + k l A Y ,  

OY 02Y 
at - d y  Or 2 k 2 X Y - k l A Y + q ~ ¢ ,  (1) 

where r ~ /R, t > 0. X = [HBrO2], Y = [BrO3] , dx, dy are d i f fus ion  coef f ic ien ts  o f  
H BrO 2 and Br- ,  respect ive ly ,  and k i are the ve loc i ty  constants .  Table  1 contains  the 
values  of  parameters .  

Table 1 

Values of parameters [3, 8] 

Parameter Value Unit 

k 1 2.1 [H*] 2 M-is -1 

k 2 105 [H +] M-Is -1 

k 3 45 [H ÷] M-~s -1 
k 4 103 M-as-1 

¢p arbitrary M s -1 

[H +] 0.16 M 

A 0.2 M 

d~ 1.3 × 10 -5 cmZs -x 

dy 1.9 x l0 -l cmZs -1 
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By the substitution 

u I := 2k4X/k3A, 

u 2 := k2Y/k3A, 
D := 10 -5 cm2s -1, 

x := (k3AD-1)ll2r, 

t '  := k3At, 

q~ := k2/(k3A) 2 q~Br-, 

m := kl /k  3, 

b := ke/k 4, 

q := 2k~kJkek 3 = m/b, 

d l : =  dx/D, 

d 2 := dy/O, 

see [12], we obtain from (1) an equivalent dimensionless system of  partial differential 
equatons. Let us consider this system on a bounded interval ta, and let us establish 
this sytem with no flux boundary conditions and initial value. We then obtain 

aUl 

at' 

aU 2 

at' 

X E  

a2Ul 
= d l  ~ + u l ( 1 - U l - U 2 ) + q u 2 ,  

a2u2 
= d2 ax 2 bul u2 - m u 2  + (p, (2) 

~2, t" > O, aui/an(O~) = O, ui(O,x) = Uoi(X), i = 1, 2. 

3. The react ion system 

Stationary solutions us = (Usl, Us2) of  the corresponding reaction system 

dUl 

dr" 
= Ul(1--Ul - -U2)+qu2 ,  

du2 

dt '  
- - b u l  u z  - m u 2  + q) 

are solutions of  the system 

0 = u 1 (1 - /2  l - u2 )+  qu2, 

0 = - b u  1 bt 2 - -  m u 2  + ¢.p. 

(3) 

(4) 

The system (4) is equivalent to 
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U 2 = tp/(m + bUl ), 

u~ + uZ (m - b ) l b +  ul ( q ~ - m ) / b -  qq~/b = O. 

(5) 

(6) 

We are only  interested in real, pos i t ive  so lut ions  u~ j), j = 1, 2, 3. Regarding 
~0 as a funct ion o f  u1" q~ = 9(u~), from (6) we  obtain the equivalent  equat ion 

~0(U 1 ) = U 1 (1 - Ul ) ( m  + bul  ) / ( u l  - q) .  (7) 

Let us briefly discuss  this function (7): Since 1 - q > 0, q9 tends to infinity for u 1 --) q. 
Moreover ,  q) vanishes  at u 1 = 1, u] -- 0, u 1 = - m / b  = - q .  Using  parameter va lues  
o f  table 1, one  obtains the pos i t ive  local  extrema o f  cp: 

USlm, x = 0 . 4 9 9 0 6 3 ,  9max = 2 . 0 0 7 7 5 6 ,  

U s l ~  = 0 . 0 0 2 2 5 7 ,  ~0min = 0 . 0 4 5 7 2 3 .  

u 1 

1 

I 
t 

A 
1 

1 

Fig. 1. Bistability diagram for ujl with the parameters m = 0.008, b = 8.0, 
q = 0.001. The upper branch (full line) corresponds to u,(i 3), the middle 
branch (broken line) to us(~ ), and the lower branch (full line) to u~1 ). 

In this way, we obtain the qualitative behaviour of  (7) and therefore of  (6), as shown 
in fig. 1. Let 

h ( 3 )  > v(2) > ,  O) 
s l  -- %1 -- ~ s l  ' 
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and % : =  q)min, (PM := ~max. The stability behavior of  u~ j) can be determined easily: 

LEMMA 3.1 

(i) The equil ibrium u~ 1~ is asymptotically stable (in the sense of  Lyapunov and 
with respect to system (3)), if  q~ > q~0; 

(ii) u~ 2~ is unstable for all q~o < q9 < q~M; 

(iii) u~ 3~ is asymptotically stable for all 0 < ¢p < q~M- 

Proo f  

The linearization of  (3) in u s and substitution of (5) yield a (linear in 
q~) equation for the zero eigenvalue. This equation is equivalent to (7). Its extrema 
give the points where u s changes its stability. Purely imaginary eigenvalues do not 
appear. 

Now assume there is given an initial va lue  

u(0) = Uo ~ /R 2. 

[] 

(8) 

We shall prove that there exists a global solution of  (3), (8) for some initial values 
u 0. It is clear that for every u0 ~ #?2, the problem (3), (8) has a unique local solution. 

Let 

O< q < 1 , 0 <  e <  qg/(m + b), 

GI"= {q < u 1 < 1, e < u 2 ~ ¢p/m}. 

THEOREM 3.2 

Assume u o ~ G 1. Then the solution u( t ' )  of (3), (8) exists for all t '  > 0 and 
is bounded,  and u( t ' )  ~ G 1 for all t '  > 0. 

Proo f  

Checking the vector field of  (3) (see fig. 2) on the bounds of  G I gives that 
there is no trajectory leaving G 1. Thus,  the assertion is proved. [] 

Furthermore,  the fol lowing theorem holds: 

THEOREM 3.3 

Closed trajectories do not exist in G 1. 

Proo f  

Applying the Dulac criterion ([1], p. 120), we obtain by the Dulac function 

B(Ul, u2) = l/u1: 
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a a (8(u,,u:m(u,,u2))+ agu  (,(u,,u:m(u,,u2)) D "= O u  1 

= - l - q u 2 / u  2 - b - m / u l  <0 ,  

where f = ( f l ,  f2) is the reaction term in (3). This proves the assertion. [] 

COROLLARY 3.4 

Let u 0 6 G~, u 0 ~e u~J), j = 1, 2, 3. Then the solution u(t" of  (3), (8) converges 
(~) (3) for t '  , e i ther  to u s or u~ ---) ¢~ and u(t ' )  tends to u~ 2) for t '  - - > - ~ .  

Proof  

The assertion fol lows from the Bendixon theorem, see e.g. [6]. [] 

4. Globa l  ex is tence  of  so lu t ions  

In this section, we shall investigate the global existence o f  solutions o f  
problem (1). For this reason, we formulate (1) as an evolution problem in a convenient  
space X. Theorem 4.7 gives the existence result in X and in classical  funct ion spaces, 
too. Let  us introduce the fo l lowing defini t ions and notation.  

The domain  g2 c / R  n, n < 3, is assumed to be an open smooth  bounded 
connected set, ~ ~ (7 2. 

X := L2(~2, R2), 

f/ 

H k := wk 'Z(g2 ,R2) ,  k = 1,2 . . . . .  

n 

Ilull, ,, := HUH2+ II j_-, II 2+ . - .+  

, u , : :  ,,, 

~k u 12, 
II ~Xt l . . .~Xl  k I 1=(11 ..... /k): 

ZIi =k 

For a reference o f  the theory o f  the Sobolev spaces, see [14]. 
Let  A be the l inear operator  A • X --) X, with D(A) "= {(u 1, u 2) • u ~ C=(O) *, 

Oui/On(3~) = 0}: 

Au " = - ( d l A u l ,  d2Au2), 

where d~, d 2 > 0. We define the operator  A to be the Friedrich extension of  A. 

*~(~),/R z) consists of all functions whose derivatives admit a continuous prolongation to ~. 
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The next lemma summarizes some simple but helpful properties of  this 
operator A: 

LEMMA 4.1 

Let d := max(d  1, dE). It holds that: 

(i) ((A + did)u, u} < 2d [[ u [[21, 

(ii) min(dl ,  d 2) [[ u [[21 < ((A + dld)u, u), 

(iii) D(A) c H 1, and 

(iv) 

(v) 

(vi) 

Proof  

(i) 

(iii) 

(iv) 

(vi) 

u e D(A). 

u e D(A). 

(Au, v) = ((d I u'l, d2 u'2), v ' ) ,  u E D(A), v E H 1. 

D((A + did) 1/2) = H 1. 

The operator A + did is selfadjoint and positive. 

The operator - ( A  + did) generates an analytic semigroup 
e x p ( -  t(A + did)) : X --+ D(A), and 

exp( - t (A  + did)) < c 1 exp(-d t /2) ,  t > O. 

((A + did)u, u) <- d(Vu,  Vu) + d(u, u) <- 2d [[ u [[~41. 

See [1 1]. 

The assertion follows from 

(Adu, u) = (A IJeu, Adll2U) = I[ AI/2u [[. 

Compare  [5]. 

Set A d := A + did  with domain D(Ad) := D(A). By 

( U l ( 1 - U l - U 2 ) + q u 2  I 
F(u):= - b U l U 2 - m u z + q ~  , q , b ,m ,q~>O,  q <  1, 

a nonlinear operator F : H 1 --+ X is defined. 
Now, we may write (2) as an initial value problem 

du + Au = F(u), t > O, 
dt 

u(0)  = Uo, u0 e X .  

(9) 

[] 

(10) 

(Now, we shall wri te , t  instead of  t ' .)  
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We define a solution of(lO) on (0, T) to be a map u e ¢ 1((0, T), X) n C([0, T), X), 
u(t) E D(A) for all t E (0, T) and some T > 0, and which solves (10). 

We shall prove the unique solvability of  problem (10) by investigating the 
modified system 

du 
d----[ + A u = F k ( u ) ,  t > 0 ,  

u(0) = uo, Uo e X. (11) 

Here, F~:X---) X is the operator 

(Ulk (1 - Ulk - U2k) + qu2 1 
Fk(u ) := ~, - b U l k U 2 k - m u  2+¢p ' 

and uik are the following projections: 

f 0 ifO > ui(x), 
Uik(X):= ui(x) i f O < u i ( x ) < k i ,  

ki i fk i  < ui(x), 

i = 1, 2, where k i are some positive constants to be chosen later. Obviously, the 
mapping u ---) Uik gives a pair (Ulk, U2k), and ulk (u2k) is bounded by 0 and k 1 (k2), 
respectively. 

LEMMA 4.2 

F k • X ~ X is globally Lipshitzian. 

Proof 

II Fk (u) - Fk (v)II 2 -- f((Ul k ( 1 - Ul k - U2k ) -F qu2 -- Vl k (1 -- Vl k - V2k ) -- qv)  z 
f2 

+ (--bUlkU2k - -mu2 +bVlkVZk + m v 2 ) Z ) Z d x  

_ )Z --~ 4 ((Ulk Vlk)2+(V?k  --U2k)+(UlkU2k --VlkV2k 
f2 

+ q2(u2 -- V2) + b2(Ulk U2k -- VlkV2k)  + m2(u2 -- v2)2)dx 

f )2 )2 = 4  ((Ulk - V l k  + ( U l k  + V l k ) 2 ( U l k - - V l k  + q 2 ( u 2 - - V 2 )  2 
f2 

+ m2(u2 _ V2 )2 4- (1 + b2)(Ul k U2k -- Vlk V2k )2)dx 
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< 4f((1+4k 2 +2k2(1+ b2))(ul -vl)2 
¢/ 

+ (2k21 ( 1 + b 2) + q2 + m 2 ) ( u 2  _ v2 )2)dx 

= C~p II u -  v II 2. []  

The next lemma is an easy consequence of  Sobolev's embedding theorems: 

LEMMA 4.3 

Let n < 3, u, v ~ H E, II u -  v Ilnl ~ 0. Then, 

II Fk(u) - Fk(v) Ilnl ~ 0. 

LEMMA 4.4 

Let T > 0 be any positive number. There exists a unique solution u(t) of  (11) 
on (0, T); moreover,  u ~ ¢((0, T), H1). 

Proo f  

First, we show that the integral equation 

t 

u(t) = exp(--tAd)Uo + f e x p ( - ( t -  S)Ad)g(u(s ) )ds  
0 

(12) 

has a unique solution u ~ 112([0, T), X) satisfying u(0) = u 0 ~ X, where 

g(u)  "= F,(u) + du. 

Consider the operator G • ¢([0, T), X) --~ ¢([0, T), X): 

t 

(Gu)( t )  := exp(-tAd)UO + f e x p ( - ( t - S ) A d ) g ( u ( s ) ) d s ,  
0 

Obviously, G maps ~([0, T), X) into itself. Define II" lip by 

Ilullp := sup (llu(s)llexp(-ps)), p > O, 
s ~ [0,T) 

t > 0 .  

and equip C([0, T), X). with this norm. If u, v ~ ~ [ 0 ,  T), X), we conclude from (9): 
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l 

II (G u - G v )(t)II : II ] e x p ( - ( t -  s )Aa)[g(u(s)) - g(v (s))] d s II 
0 

<- (CLte + d) / (d /2  + p)cl exp(pt)llu - vllp. 

In this way, we obtain 

II G u -  gv lip < C l (ctap + d) / (d /2  + p)II u -  v lip. (13) 

Now, we choose p >> 1 such that c 2 := CI(CLI p + d)/(d/2 + p)  < 1, and so 

I l G u -  Gv  lip < c211u- v lip. (14) 

By the Banach fixed point theorem, there exists a unique fixed poiflt u of  G in 
C([0, T), X). 

By lemma 4.3, it can be shown that u ~ C((0, T), H1). Now, eq. (12) gives 
u ~  C~((0, T), X). It follows by the standard argument of  Gronwall's lemma that the 
solution is unique. [] 

LEMMA 4.5 

Let u 0 > 0. Then, for the solution u of  (1 1), it holds that 

u(t) >_0 for all t > 0 .  

Proof  

After computing the scalar product with u~ and u i ,  it is clear that 

u] -= u2 =- O. 

(Here, we use the notation u+(x) := max(u(x),  0), u-(x) := m a x ( - u ( x ) ,  0).) [] 

Now, we are able to solve problem (1 1): 

LEMMA 4.6 

Assume u o > 0, u 0 ~ L ' ( f L  ,~2). The solution u of  (1 1) exists on (0, oo) and 
satisfies: 

0 < ul < m a x ( l ,  II u0111~), 

0 < u 2 < max(cp/m, II u0211~,). (15) 
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Proof 
Let u be the nonnegative unique solution of (1 1), t > 0. Choose the constants 

k~ := max( l ,  II Uol I1~), k2 "= max(q~/m, II Uo211**). By the test function ( u 2 -  k2) + one 
obtains 

t t 

II(u2-ke)+(t)l12/2=-d2 I I(V(u2-k2)+)2dxdt+q~I I (u2-k2)+dxdt 
O ~ O~q 

+ 
t 

I I ( u 2 - k 2 ) + ( - b U l t U 2 k - m u 2 ) d x d t  
0[2 

t 

< -m I 
0 

t 

I(u2 -k2)+(u2 -k2 + k2)dxdt+ tpl I(u2 -k2)+dxdt 
f~ Of~ 

<-(-mk2 + ~P) I I (u2-k2)+dxdt 
Of~ 

_<0. 

Consequently, (u2(t) - k2) + = 0, and so u2(t) -< k 2. By the test function (ul(t) - kl) +, 
we have: 

- II(ul  - kl )+(t)ll2/2 = - d l  

t t 

I I ( V ( u l - k l ) + ) 2 d x d t + q f l  ( u l - k l ) u 2 d x d t  
0~q O O  

t 

+ I I (ul - k l ) + ( l - U l k - u 2 k ) U l t d x d t  
0f~  

l 

o n  

- k l ) + u 2 k ( - u l t  +q)dxdt 

< 0 .  

T h i s  gives (u 1 - k l ) + ( / )  = 0,  so  Ul ( t  ) < k 1. [] 

Now, we want to prove our main result: 

THEOREM 4.7 

Assume u o > 0, u 0 ~ Loo(fL/R2). Then there exists a unique solution u 
of the problem (10) on (0, oo ) satisfying (15). Moreover, u(t) E ~(~, RE), du/dt(t) 

C(~/RE),  t > 0. This means the solution exists in the classical sense. 
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P r o o f  

Let u be the solution of  (11). If we choose k I :=max(1,11u0111,,), 
k 2 := max(tp/m, II u0211~), then by lemma 4.6 we obtain Uik(t) = Ui(t), i = 1, 2, that 
is, (15) holds. Further, we have Fk(u) = F(u) ,  and u( t )  is the solution of  (10). Since 
ui(t)  < k i , t E [0, T), ui( t  ) has a continuous prolongation to (0, ~,), and 

supllui( t ) l l  < ki ,  i =  1,2. 
t>0 

Consequently,  u belongs to L=([0, ~,), X). 
Using theorem 3.5.2 in [5], it follows that 

du (t) e H1 d---t , t > 0 .  

Further, for u(t )  ~ H 2 we have F ( u )  ~ H ~, t > 0. In this way, 

du H l A u  = - --~ + F ( u )  ~ , 

and so u( t )  E H 3, t > 0. Now, since u(t )  E H 3 a ¢ ( ~ ) ,  F ( u ( t ) )  ~ ¢ ( ~ )  and 

du 
(t) e ¢ ( ~ ) ,  n]4  < 1, 

d---[ 

i.e. d u / d t ( t ) ~  ¢(~ ) .  This yields 

du 
A u = - "ff-[ + F ( u )  e ¢ (~2), 

implying u(t )  E C(~).  Consequently, 

d .  [ ]  
d---t (t) e 

COROLLARY 4.8 

Let u o > 0, Uol < 1, Uo2 < q~/m. Then the solution u of  (19) exists and it holds 
that 

O _ < U l _ < l ,  

0 <_ u 2 < qa/m. 

Let 

G 2 := {q < u I < 1, 0 < u 2 -< q)/m}. 
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Using the same method as mentioned above but another definition of  u~k, namely 

ul~(x) : =  

q if q > ul (x), 

u l (x )  i f q _ < u l ( x ) <  1, 

1 i f l_<Ul(X) ,  

we obtain quite similar results: 

L E M M A  4 . 9  

Let Uo ~ Gz (respectively, G1). Then the solution u of  (10) exists and belongs 
to G 2 (respectively, G1). 

5. Cri t ical  radius 

The aim of this section is the investigation of  the critical radius of  a nucleus. 
Such questions have been studied in the case of one react ion-di f fus ion equation 
only [2]. Here, we consider the case n = 1, f2 = (0, L). 

D E F I N I T I O N  5 . 1  

The quantity r c is called cri t ical  radius  with respect to (12) and the initial 
value 

(3) i f 0 < x < x l  U s l  - -  _ , 

u o l ( x ) =  u(1) if Xl < x < L ,  
s l  

u 3) i f 0 < x < x l  
s2 - - ' (16) 

Uo2(X)= u(1) i f x l  < x < L ,  
s 2  

if there exists a solution u of  (10) with the special initial value (16) having the 
following properties: 

(i) if  x 1 > r c, u(t)  tends to u~ 3} as t ---> ~ ,  

(ii) for 0 < x 1 < rc, u( t)  tends to u~ 1) as t ---> ,,o. 

The problem (10) with initial value (16) was integrated by the Euler difference 
method. Observing the coexistence of  two asymptotically stable equilibria u~ 1) and 
u~ 3), there arises the question: What happens if we increase ~? The front travels 

my in a natural way. back, and it is possible to define an inverse critical radius r c 
Results of  our numerical investigations are summarized in table 2. 
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Fig. 3. The critical radius r c and the inverse critical radius r~ av. 
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Table 2 

The critical radius in dependence on go 

go r e [dimensionless] r e [10 -3 cm] 

0.05 e (0.2, 0.3) e (0.5, 0.8) 
0.1 e (1.2, 1.4) e (3.1, 3.6) 
0.2 e (2.2, 2.4) e (5.7, 6.2) 

0.3 e (3.2, 3.4) e (8.3, 8.8) 
0.4 e (4.2, 4.4) E (10.9, 11.4) 
0.5 ~ (5.6, 5.8) ~ (14.6, 16.1) 
0.55 ~ (6.8, 7.4) e (17.7, 19.2) 

go reinv [dimensionless] rcinv [10-3 cm] 

0.8 e (2.8, 3.2) e (7.3, 8.3) 
0.9 e (1.6, 2.0) e (4.2, 5.2) 

1.1 e (0.8, 1.0) e (2.1, 2.6) 
1.2 e (0.6, 0.8) e (1.6, 2.1) 

1 w , 

0.1 0.5 

rc 

-r-___ n _  

Fig. 4. Numerica l ly  determined values 
of  cri t ical  radii  r e in dependence on go. 
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6. Discussion 

With tp nearby 0.6, the critical radius becomes infinite for transitions in both 
directions. In this case, we obtain coexistence of  both phases u~ 1) and u~ 3)', because 
we have a t ime-independent spatial separatrix (standing wave). We denote the 
corresponding flow value by tPcoe x- 

O) ~ u~3~, and for q~coex < tp Note that for tp < tp < tPcoe x, only transitions u s 
< q~,  only opposite transitions are possible. 

The results about the magnitude of  a nucleus have experimental importance 
if we realize the BZ system as described above. Including photosensitivity of oxygen, 
the reactions R 1 - R 4  are valid if  the reduction R5 

Me(ox) + organic reductants ---) Me(red) + h B r - +  organic products R5 

does not release the inhibitor Br-(h = 0). Then the concentration of  Me(ox) is not 
involved explicitly in the R 1 - R 4  subset; thus it can be treated like an autonomous 
two-variable system as performed above. 
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